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An equation describing the propagation of the front of a point explosion in an inhomogeneous 
atmosphere is derived here with the aid of dimensional analysis. The solution for an expo- 
nential atmosphere agrees with already known results. 

The problem concerning the propagation of the front of a strong shock wave in an inhomogeneous me- 
dium, as is well known, is not an autonomous one. For a power-law density distribution relative to the 
center 

9 = art~ a f t :  const, (1) 

the method by L. I. Sedov [1] reduces  the problem to the fundamental autonomous problem of a strong ex- 
plosion in a homogeneous medium. In that problem the front propagation R(t) is determined without r e -  
gard to the distribution of gasodynamic pa rame te r s  behind the front.  More precise ly ,  the law of motion is 
determined for the wave front within an accuracy  down to a constant (of the o rder  of unity) calculated from 
the energy integral.  

For  an exponential-law atmosphere,  A. S. Kompaneets [2] has developed an approximate method in 
which he assumed the gas mass  to be concentrated p r imar i ly  near  the front (within a layer  of thickness 
A ~ (y-1/~/+ 1)R, tending toward zero as ~/ ~ 1). During an upward motion (0 = 0), toward lower densi-  
ties, the front is accelera ted  fast  and within a re la t ively short  time interval (approximately one second for 
energies of the order  of 1022 ergs) it approaches infinity; for  a downward motion this method is unsuitable, 
on the other hand, even though the shock wave remains  s trong for a few tenths of a second. Not only is it 
difficult to numer ica l ly  integrate part ial  differential  equations in coordinates  (0, t), as has been shown by 
experience, but the resul ts  do not apply to the real  nonexponential a tmosphere  of the Earth.  On account of 
the fast increas ing value of the inhomogeneity pa r ame te r  h(0) as a function of the explosion altitude H, for  
instance, the time of a tmospher ic  breakdown t o ~ (PHh~i) 1/2 would increase  with the altitude, which is ab- 
surd. 

In o rder  to descr ibe  how the front of a s t rong shock wave propagates  after a downward breakdown 
(0 = r) in an exponential-law atmosphere,  Yu. P. Ra izer  [3] has proposed an interpolation between his 
autonomous solution for a plane shock at infinity and the solution by A. S. Kompaneets at an instant near  
breakdown. Unfortunately, this interpolation method is not sa t i s fac tory  and its application alone ts fraught 
with difficulties (details will be discussed later). 

The author proposes  an approximate method of descr ibing the propagation of a point explosion in an 
exponential-law and in the real  a tmosphere,  which would match those two solutions within the respect ive 

intervals.  

Generally, when the density p is r e fe r red  to a dimension of length h, the velocity (as well as any 
other gasodynamic quantity) can be expressed in t e rms  of two var iables  (r/R, r /h)  ra ther  than in t e rms  of 
(r, t). The velocity at the front (r = R) will be then 

. = R = q~l (Rlh) + - 7  '~ (R/h) (2) 
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With  r e s p e c t  to the  d i m e n s i o n l e s s  v a r i a b l e  

we obtain 

x = ~/h (0) 

= 1--  r (x). 
t 

Th i s  p h e n o m e n o l o g t e a l  equa t ion  w i l l  be  ou r  po in t  of d e p a r t u r e .  

e(x) :  

c P ( x ) - - ~ c o n s t x = k ~ k 2 x  at x - + O  (h- -+c~) ,  

c o r r e s p o n d i n g  to the t r a n s i t i o n  to a h o m o g e n e o u s  a t m o s p h e r e ,  and 

r  1 a t  x--~c~ (h--~0), 

(a) 

(4) 

[t is  e a s y  to f ind the l i m i t  v a l u e s  of funct ion  

e o r r e s p o n d i n g  to the  l i m i t i n g  c a s e  of mot ion  in an i n h o m o g e n e o u s  a t m o s p h e r e  ( toward h i g h e r  d e n s i t i e s ) .  
The  l a t t e r  e x p r e s s i o n  m a t c h e s  the  e a r l i e r  men t ioned  au tonomous  so lu t i on  [3]. 

Since  the d e n s i t y  at the wave  f ron t  d e p e n d s  on x = B / h ,  hence  @(x) can  be  e x p r e s s e d  in t e r m s  of d e n -  
s i t y ,  which  d e t e r m i n e s  the c h a r a e t e r t s t i e s  of the mot ion .  In the p h e n o m e n o l o g i e a l  method  it is  d e s i r a b l e  
to r e p r e s e n t  the unknown func t ion  O(x) in t e r m s  of a few p a r a m e t e r s ,  and t h e s e  should  be d e t e r m i n e d  f r o m  
any known d a t a  ( e x p e r i m e n t ,  s o l u t i o n s  at the l i m i t s ) .  Through  the sa id  c o n d i t i o n s  at  the  l i m i t s ,  funct ion 
(I,(x) can  be  r e p r e s e n t e d  by  the fo l lowing  s i m p l e r  (power - l aw)  r e l a t i o n :  

r (x) = kl [1 - -  (p~/,o)kq, (5) 

wi th  OH d e n o t i n g  the d e n s i t y  at  the  a l t i t ude  (point) o~ e x p l o s i o n .  S p e c i f i c a l l y ,  for  an e x p o n e n t i a l - t a w  a t -  
m o s p h e r e  

P/PH = e ~/h(0~,  h (0) = h = / ( 1  - -  c o s 0 ) .  (6) 

With the a id  of (5), the  equa t ion  of mot ion  (4) can be  r e w r i t t e n  as  

x = k--A-~ [1 - -  (pH/p)k'] . (7) 
t 

F o r  an e x p o n e n t i a l - t a w  a t m o s p h e r e  (6) the f ron t  p r o p a g a t i o n  B(0, t) i s  e x p r e s s e d  in t e r m s  of x as  
fo l l ows :  

.( _ (1 - -  e-k"*) - I  d x  = k ,  In t. (s) 

At a c o n s t a n t  h (for an e x p o n e n t i a l - l a w  a t m o s p h e r e )  it  is  w o r t h w h i l e  to i n t roduce  the t i m e - s c a l e  f a c -  
tor 

-~ = ( ,%h~/~E) 1/2 . (,9) 

Equat ion  (7) and so lu t ion  (8) do not  change  as  a r e s u l t .  F o r  s m a l l  v a l u e s  of t (or x) so lu t ion  (8) should  b e -  
c o m e  the Sedov so lu t ion  fo r  a honaogeneous  a t m o s p h e r e ,  in d i m e n s i o n l e s s  v a r i a b l e s  

x = t~/5; q = t/~. (10) 

A c o m p a r i s o n  with  the l i m i t  cond i t ion  d e r i v e d  f r o m  (8) y i e l d s  

k l k  ~ = 2/5. (11) 

The  second  equa t ion  fo r  d e t e r m i n i n g  the c o n s t a n t s  k~ and k 2 w i l l  be  ob ta ined  f r o m  the cond i t i oa  that  
so lu t ion  (8) b e c o m e  the au tonomous  so lu t ion  in [3] f o r  0 = ~r (downward mot ion) .  F o r  x > 0 we obta in  f r o m  
(8) 

~' (1 - - e - k ~ x ) - ' d x  = k 1 In t~- '  (12) 

where 
0 

(13) 
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has  the mean ing  of b reakdown t ime .  

F o r  0 = 7r at the l imi t  x ~ oo (R ~ ~) we have f r o m  (12) 

R t 
x~ k 1 In - - .  (14) 

h~ t o 

it fol lows f r o m  h e r e  that the cons tan t  kt co inc ides  exac t ly  with the au tonomic t ty  c r i t e r i o n  in [3] (co- 
eff ic ient  of the logar i thm)  a n d t h u s  k I = C~p('y). F o r  r ea l  va lues  of 7 (t to 2) C~p v a r i e s  f r o m  1 to 3/2. C o r -  
r e spond ing ly ,  k2 v a r i e s  f r o m  0.4 to 0.25. With 1/= 1.25, f o r  example ,  we have .~p  = 1.345 and k 2 = 0.3. 

A r e su l t  c lose  to this can be obtained in analyt ic  fo rm,  on the b a s i s  of Eq. (4) wr i t t en  as 

x 1 R F (x). (15) 
t h 

We wil l  e x p r e s s  R in the coef f ic ien t  he re  approx ima te ly .  We note,  to begin with, that in the c o m -  
binat ion of length d imens ions  [1] 

R = const (Et~/9)2/( '+2) (16) 

the dens i ty  of the med ium can be t r ea t ed  as  a funct ion of the f ront  rad ius ,  i . e . ,  p = o(R), which c o r r e -  
sponds  to a desc r ip t ion  of the f ron t  p ropaga t ion  in t e r m s  of quant i t ies  E, t, 3', and one gasodynamie  rune-  
tion, in a c c o r d a n c e  with the e a r l i e r  d i scuss ion .  F o r  ins tance ,  i n se r t i ng  the p o w e r - l a w  e x p r e s s i o n  fo r  the 
dens i ty  (1) and so lv ing  Eq. (16) fo r  R leads exac t ly  to the e x p r e s s i o n  which L. I. Sedov has obtained by a 
d i r e c t  combina t ion  of d imens iona l  p a r a m e t e r s .  

[t is poss ib l e  to show that Eq. (15) with F(x) = eons t  and R r ep l aced  by (16) d e s c r i b e s  the f ron t  p r o p a -  
gation,  within a 30-40% a c c u r a c y ,  and cons t i tu t e s  a comple t e  qua l i ta t ive  r e p r e s e n t a t i o n  of the pa t t e rn  of 
f ron t  p ropaga t ion  in an inhomogeneous  a t m osphe re .  The p r o p e r  ehoiee  of the s u p p l e m e n t a r y  function F(x) 
will  y ie ld  much m o r e  p r e c i s e  r e su l t s .  Thus ,  we wil l  r ep l ace  R in Eq. (15) by i ts  said approx imat ion .  We 
will,  f u r t h e r m o r e ,  e x p r e s s  F(x) in t e r m s  of p(x) a c c o r d i n g  to the condi t ions  at the l imi ts  and by again us ing 
the p o w e r - l a w  re la t ion .  Equat ion (15) b e c o m e s  then 

d fx --_ (p~/p)~, (17) 
ds 

with 

s ---- ( - -  cos 0) t# / ' ;  t l  = t / , .  

With the fol lowing des igna t ions  fo r  an exponen t i a l - l aw a t m o s p h e r e  

k ~- tm 2/' = t - l ;  110 = k - S i s ,  

we obtain the fo[ lowing solut ion (in o r d i n a r y  coord ina tes )  

R =  h(0)k I n [ i - - c o s 0 ( ,  110tl )2/ , l j .  

F r o m  t h e c o n d i t i o n  at the l imi t  when 0 = • we have 

R 1 2 
x~ In ( t l / t lo).  

h~ k 5 

(18) 

(19) 

(20) 

(21) 

A c o m p a r i s o n  with the au tonomous  solut ion by  Yu. P. R a t z e r  (see the d i scus s ion  fol lowing Eq. (14)) 

y ie lds  

~c,p;  k =  2 2 - - k  S. (22) 
5k 5ap 5k 1 

F r o m  (21) we find the b reakdown t ime (in ~--units): 

tl ~ = to/.~ = k -512 = (Sap~2)  ~/2. (23) 

At y = 1.25, fo r  ins tance ,  we obtain t o ~ 2 0 T ,  which is  a l m o s t  ident ical  to the r e su l t  of ca l cu la t ions  

by  Eq. (13). 

E x p r e s s i o n  (20) b e c o m e s  exac t ly  the Sedov solut ion when t ~ 0 (t << to) and when h ~ ~, which c o r r e -  
s p o n d s  to the t r ans i t i on  to a homogeneous  a t m o s p h e r e .  When 0 = 0 and t - -  to, 
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x - ~ - -  ap In 1 - -  . (24) 
2 -C 

Thi s  e x p r e s s i o n  c o r r e s p o n d s  to the au tonomous  R a i z e r  so lu t i on  fo r  p r o p a g a t i o n  t oward  l o w e r  d e n -  
s i t i e s ,  bu t  the a u t o n o m i c i t y  c r i t e r i o n  i s  h e r e  1.5 t i m e s  l a r g e r  than the one which  (24) would y i e l d .  By the 
way,  the upward  mot ion  fo l lowing  a poin t  e x p l o s i o n  is n e v e r  d e s c r i b e d  by  an au tonomous  so lu t ion .  We note 
tha t  no t i m e  p a r a m e t e r  a p p e a r s  in the  au tonomous  so lu t ion .  Th i s  p a r a m e t e r  a p p e a r s  only  in the so lu t ion  
by  the i n t e r p o l a t i o n  me thod .  

It ha s  been  noted  e a r l i e r  that  th is  so lu t ion  c o i n c i d e s  wi th  known au tonomous  s o l u t i o n s  on the b a s i s  of 
which  the p h e n o m e n o l o g i c a l  p a r a m e t e r s  a r e  c hose n .  We wi l l  c o m p a r e  the r e s u l t s  of so lu t ion  (8) o r  (20) 
wi th  the  r e s u l t s  of the  K o m p a n e e t s  me thod  [4]. The  b r e a k d o w n  t i m e s  a g r e e  a l m o s t  e x a c t l y :  t o = 24% wi th  
T O e x p r e s s e d  ( l ike ~-) a c c o r d i n g  to (9) but  wi thou t  the S e d o v - t h e o r y  p a r a m e t e r  $. In su f f i c i en t  da t a  ob t a ined  
in [41 make  it i m p o s s i b l e  to c a r r y  on a p r e c i s e  c o m p a r i s o n .  H o w e v e r ,  the  c h a r a c t e r i s t i c  p a r a m e t e r s  d e -  
r i v e d  h e r e  a g r e e  c l o s e l y :  the f ron t  r a d i u s  at  the i n s t a n t  of b r e a k d o w n  d u r i n g  a downward  mot ion  R(~, to) 

2h~r and d u r i n g  a h o r i z o n t a l  mot ion  R(~/2,  to) ~ 3hTr , the r a d i u s  at  which  the upward  v e l o c i t y  is  m i n i m u m  
R(e  = 0, t*) = 3h~, and that  m i n i m u m  v e l o c i t y .  Thus ,  the a g r e e m e n t  of the b a s i c  r e s u l t s  j u s t i f i e s  a c o n -  
c l u s i o n  tha t  our  a p p r o x i m a t e  method  c o n c u r s  wi th  the K o m p a n e e t s  me thod .  We note ,  by  the way,  tha t  the 
a c c u r a c y  of the K o m p a n e e t s  me thod  f o r  r e a l  v a l u e s  of ~ is  about  20-30%. 

We note  f u r t h e r  tha t  the me thod  p r o p o s e d  by Yu. P.  R a i z e r  of i n t e r p o l a t i n g  b e t w e e n  h i s  a u t o n o m o u s  
so lu t ion  and the K o m p a n e e t s  s o l u t i o n  at  t* ~ 20r0, n e a r  the b r e a k d o w n  t i m e ,  is  not a p p l i c a b l e  to the v e l o c -  
i ty,  b e c a u s e  in the  au tonomous  so lu t ion  the l a t t e r  is  d e t e r m i n e d  e n t i r e l y  b y  the  p a r a m e t e r  a p  and d i f f e r s  
a p p r e c i a b l y  f r o m  the v e l o c i t y  in the K o m p a n e e t s  so lu t ion  at that  i n s t a n t  of t ime  (because  t r a n s i t i o n  to the 
a u tonomous  mode  o c c u r s  l a t e r ) .  I n t e r p o l a t i o n  is  f e a s i b l e  and fo l lows  n a t u r a l l y  a long the c o o r d i n a t e  which  
c o n t a i n s  the shock  p a r a m e t e r  A (g.  c m  -z �9 sec  -1) r e p r e s e n t i n g  the c h a r a c t e r i s t i c s  of p r i o r  mot ion .  As a r e -  
su i t ,  we have  

R = xh~ = R (to) + %h~ in [t/(plh~lA)V%]. (25) 

H e r e  Pl deno t e s  the d e n s i t y  at  the f r o n t  at the i n s t an t  fo r  which  i n t e r p o l a t i o n  is  p e r f o r m e d .  It the  
shock  p a r a m e t e r  is  r e l a t e d  to the s h o c k  m a s s ,  then e x p r e s s i o n  (25) wi l t  y i e l d  the l i m i t  cond i t ion  (21) fo r  
the so lu t ion  ob ta ined  h e r e .  We note  that  the shock  m a s s  M(t*) i s  n e v e r  d e s c r i b e d  by  an au tonomous  s o l u -  
l ion,  wh i l e  the m a s s  M < ~I = 18M* is d e s c r i b e d  only  a p p r o x i m a t e l y .  In an e x p o n e n t i a l - l a w  a t m o s p h e r e ,  
a shock  wave  canno t  be  c o n s i d e r e d  s u f f i c i e n t l y  s t r o n g  any m o r e  at  a d i s t a n c e  c o r r e s p o n d i n g  to m a s s  ~I and, 
t h e r e f o r e ,  an au tonomous  so lu t ion  i t s e l f  b e c o m e s  i n a p p l i c a b l e .  Since the v e l o c i t y  of a u tonomous  p r o p a g a -  
t ion does  not  depend  on the e n e r g y  (it is  d e t e r m i n e d  by  the p a r a m e t e r  ap(~/) only) ,  hence  an i n c r e a s e  in 
e n e r g y  w i l l  not  ex tend  the a p p l i e a b i t i t y  of the a u tonomous  so lu t ion .  

Equa t ion  (7) can be  used  a l s o  fo r  d e t e r m i n i n g  the f r o n t  p r o p a g a t i o n  in any i nhomogeneous  a t m o s p h e r e  
c h a r a c t e r i z e d  by  s o m e  e f f e c t i v e  p a r a m e t e r  h wi th  the d i m e n s i o n  of length .  The so lu t ion  is g iven  by  a 
q u a d r a t u r e  e x p r e s s i o n  l ike  (8). P a r a m e t e r s  k 1 and k 2 can  be  s e l e c t e d  on the b a s i s  of the s a m e  c o n c e p t s ,  
c o n s i d e r i n g  the t r a n s i t i o n  to an e x p o n e n t i a l - l a w  a t m o s p h e r e .  

The  d e n s i t y  of the  E a r t h ' s  a t m o s p h e r e  can  b e  r e p r e s e n t e d  (within m e a s u r i n g  a c c u r a c y  and d i u r n a l  
f luc tua t ion)  b y  the fo l lowing  f o r m u l a :  

p (z) = p (0) e-Z/h(~); h (z) = 7@0.026 ( z - -  t00), z < 2.10 a km (26) 

(at z < 100 k m  one m a y  a s s u m e  h = 7). The p a r a m e t e r  h i n t r o d u c e d  h e r e  d i f f e r s  f r o m  the one b a s e d  on the 
method  of s m o o t h e s t  t a n g e n c y  and i s  u s u a l l y  g iven  in the l i t e r a t u r e .  R e p r e s e n t a t i o n  (26) is  a po in t  r e p r e -  
s e n t a t i o n  and g r a d u a l l y  t r a n s f o r m s  into an e x p o n e n t i a l - l a w  r e p r e s e n t a t i o n  of the a t m o s p h e r e  (with a c o n -  
s l a n t  h). 
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